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Abstract Numerical investigation of a transverse sonic jet injected into a supersonic crossﬂow was
carried out using large-eddy simulation for a free-stream Mach number M = 1.6 and a Reynolds
number Re = 1.38× 105 based on the jet diameter. Eﬀects of the jet-to-crossﬂow momentum ratio on
various fundamental mechanisms dictating the intricate ﬂow phenomena, including ﬂow structures,
turbulent characters and frequency behaviors, have been studied. The complex ﬂow structures and
the relevant ﬂow features are discussed to exhibit the evolution of shock structures, vortical structures
and jet shear layers. The strength of the bow shock increases and the sizes of the barrel shock
and Mach disk also increase with increasing momentum ratio. Turbulent characters are clariﬁed
to be closely related to the ﬂow structures. The jet penetration increases with the increase of the
momentum ratio. Moreover, the dominant frequencies of the ﬂow structures are obtained using
spectral analysis. The results obtained in this letter provide physical insight in understanding the
mechanisms relevant to this complex ﬂow c© 2011 The Chinese Society of Theoretical and Applied
Mechanics. [doi:10.1063/2.1101205]
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Owing to the importance in a wide range of funda-
mentals and applications, some eﬀort has been made to
study transverse jets injected into supersonic crossﬂows.
The development of supersonic combustion ramjet has
motivated this research. Transverse injection is con-
sidered to be an eﬃcient method to achieve the higher
penetration and faster mixing processes in the combus-
tor. The ﬂow ﬁeld exhibits shock structures, vortical
structures, jet shear layers and their complicated inter-
actions. However, the physical mechanisms dictating
the complex ﬂow characteristics are still unclear and
are of great interest for further detailed studies.
Previous experimental studies of a jet injected
into a supersonic crossﬂow mainly investigated the
jet penetration and the wall pressure distribution[1,2]
and noticed that the jet penetration depends on the
jet-to-crossﬂow momentum ﬂux ratio,[3] i.e. J =
ρjU
2
j /ρ∞U
2
∞, where the subscript j represents the
jet exit conditions and ∞ the free-stream condi-
tions. The velocity distributions and turbulent behav-
ior in the ﬂow ﬁeld have been analyzed using Laser
Doppler velocimetry.[4] Experimental visualization in-
dicated that the evolution of the jet shear layer vortices
exhibits quite diﬀerent characters for diﬀerent injectant
gases. [3,5] Moreover, some numerical simulations were
also performed to deal with the unsteady ﬂow features
and mixing characters.[6−8] The relevant ﬂow charac-
teristics for diﬀerent jet-to-crossﬂow momentum ratios
deserve to be studied.
In this letter, a transverse jet injected into a super-
sonic crossﬂow is investigated using large-eddy simula-
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tion (LES) for two typical jet-to-crossﬂow momentum
ratios. The purpose is to achieve an improved under-
standing of some of the fundamental phenomena, in-
cluding the ﬂow structures, turbulent characters and
frequency behaviors in this complex ﬂow.
The Favre-ﬁltered three-dimensional compressible
Navier-Stokes equations are numerically solved using
LES coupled with dynamic subgrid scale models. The
convective terms are discretized by a central/upwind
hybrid scheme for shock-capturing and the viscous
terms by a fourth-order central diﬀerence.[9,10] Time
advancement is performed by an implicit approximate-
factorization method with sub-iterations to ensure a
second-order accuracy. Detailed formulations are de-
scribed in our previous papers.[10,11] Moreover, the
present numerical strategy has already been applied
with success to a wide range of turbulent ﬂows in our
previous work.[9−11]
We consider a transverse jet injected into a super-
sonic crossﬂow with the free-stream Mach number of
M∞ = 1.6, the Reynolds number Re = 1.38 × 105
based on the jet diameter D, and two typical jet-to-
crossﬂow momentum ﬂux ratios J = 1.2 and 2.2. The
selected parameters are the same as those performed in
the experiment.[1] The relevant experimental data will
thus be employed to validate the present calculation.
Based on our careful examinations, the computational
domain is set as, −5 ≤ x/D ≤ 20 in the streamwise,
−10 ≤ y/D ≤ 10 in the spanwise and 0 ≤ z/D ≤ 15
in the wall-normal direction, respectively. The circular
injector is centered at (x/D, y/D, z/D) = (0, 0, 0). The
corresponding grid number is 451× 211× 235, and grid
stretching is used to increase the grid resolutions near
the surface and in the injector and wake regions. The
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time step is chosen as Δta∞/D = 0.001 and the com-
puted time elapses to about 100D/a∞ to obtain statisti-
cally meaningful turbulence properties in the temporal
average operation, where a∞ is the free-stream speed of
sound.
Fig. 1. Schematic of ﬂow conﬁguration.
The ﬂow conﬁguration used here is shown in Fig. 1.
In this study, the initial condition is set as the free-
stream quantities. To reasonably specify the jet condi-
tions, an injector plenum chamber with the geometry
used in the experiment[4] is considered and the total
temperature and total pressure in the plenum chamber
are speciﬁed. The turbulent inﬂow boundary layer at
x/D = −5 is obtained with the boundary-layer thick-
ness of 0.775D.[4] No-slip and adiabatic conditions are
applied on the wall. Far ﬁeld boundary conditions at
the upper and side boundaries are treated by local one-
dimensional Riemann-invariants.[10]
We ﬁrst discuss the complex ﬂow structures and the
relevant ﬂow features. The instantaneous ﬂow struc-
tures for J = 1.2 and 2.2 in the y/D = 0 plane are
shown in Fig. 2. As the jet injects perpendicularly
through the bottom wall, strong bow shock and weak
separation shock are induced. The under-expanded jet
expands through the Prandtl-Meyer fan and then is
compressed by the barrel shock and the Mach disk. Jet
shear layer rolls up to form concentrated vortices orig-
inating from the Kelvin-Helmholtz instability. Com-
pared with the ﬂow structures for J = 1.2 and 2.2,
we can identify that the strength of the bow shock,
indicated by its inclination to the crossﬂow, increases
and the sizes of the barrel shock and Mach disk also
increase with increasing J , consistent with the exper-
imental observation.[1] Relatively ﬁne scale structures
in the downstream of the jet represent the existence of
intense turbulence which will be discussed below.
The distribution of the time-averaged density gra-
dient magnitude ‖ ∇ρ ‖ and the streamlines in the
y/D = 0 plane are shown in Fig. 3(a) for J = 2.2. The
streamlines in the front of the jet show that a horse-
shoe vortex wraps around the windward side of the jet
near the wall. A smaller secondary vortex, with coun-
terclockwise rotations named as hovering vortex in low
speed ﬂow,[12] is detected between the horseshoe vortex
and the jet. The streamlines originated from the injec-
tor show that most jet ﬂuid enters the ﬂow ﬁeld through
the barrel shock instead of the Mach disk which retains
Fig. 2. Instantaneous numerical schlieren-like visualization
by contours of ‖ ∇ρ ‖ in the y/D = 0 plane for (a) J = 1.2
and (b) J = 2.2.
Fig. 3. Time-averaged ﬂow patterns in the y/D = 0 plane
for J = 2.2: (a) ‖ ∇ρ ‖ and streamlines; (b) local Mach
number Ml with the contour levels between 0 and 4, where
solid lines denote Ml > 1 and dashed lines Ml < 1.
much of the jet momentum.[13] The time-averaged ﬂow
feature for J = 1.2 (not shown here) is similar to that
exhibited in Fig. 3(a). Moreover, Fig. 3(b) shows the
mean local Mach number in the y/D = 0 plane for
J = 2.2. The distribution of the local Mach number
clearly distinguishes the supersonic and subsonic zones.
Due to the strong bow shock and Mach disk, the sub-
sonic regions are observed in the regions of the horse-
shoe vortex and behind the Mach disk. The supersonic
ﬂow occurs in the jet region with the maximum local
Mach number even around Ml = 4 and quickly reduces
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Fig. 4. Distribution of the mean local Mach number Ml
in the x/D = 2 plane for (a) J = 1.2 and (b) J = 2.2 as
well as the mean streamlines in the x/D = 5 plane for (c)
J = 1.2 and (d) J = 2.2. In (a) and (b), the contour levels
vary between 0 and 3, solid lines denote Ml > 1 and dashed
lines Ml < 1.
to become subsonic across the Mach disk. Then, the
local Mach number recovers to the free-stream Mach
number and varies slightly in the downstream of the
jet.
The mean local Mach number distributions in the
x/D = 2 plane are shown in Fig. 4(a) and (b). The
spanwise boundary layer separation is identiﬁed near
the wall due to the interaction of the jet and the wall.
The jet ﬂuid loses much of its momentum when pass-
ing thorough the Mach disk and large spanwise velocity
gradient is generated in the subsonic zone. Strong outer
moving shocks[8] are then formed in 0 ≤ z/D ≤ 1 for
J = 2.2 while such the shocks do not occur for J = 1.2.
The time-averaged streamlines in the x/D = 5 plane
Fig. 5. Distributions of (a) the wall pressure and experi-
mental data[1] for J = 1.2 and (b) jet penetration and ﬁt
lines in terms of experimental data[5] in the y/D = 0 plane.
are also shown in Fig. 4(c) and (d). The kidney-shaped
structures are observed with the formation of counter-
rotating vortex pair (CVP).[8] A small-scale CVP near
the wall is related to the boundary layer separation,[7]
and a large-scale CVP is induced by the jet.[4] Com-
pared with the small-scale CVPs for J = 1.2 and 2.2,
stronger spanwise boundary layer separation is noticed
for J = 2.2. The vortex center of the large-scale CVP
is detected as (y/D, z/D)=(0.48, 1.05) for J = 1.2 and
(0.52, 1.46) for J = 2.2, and the larger J corresponds
to the higher transverse location of the vortex. More-
over, it is also identiﬁed from Fig. 4 that the higher
streamwise vorticity (i.e. vortex center region) corre-
sponds to the low Mach number region, consistent with
experimental measurement.[4]
The wall pressure distribution for J = 1.2 is shown
in Fig. 5(a), which is closely associated with the ﬂow
structures. Because the bow shock and the separation
shock are formed as shown in Fig. 2, high pressure dis-
tribution occurs in the front of the jet. Then, the pres-
sure reduces in the downstream of the jet and gradually
increases due to the ﬂow separation and recompression
procedure. To validate the present calculation, it is seen
from Fig. 5(a) that the present result agrees well with
the experimental data.[1]
The jet penetration in the crossﬂow is an impor-
tant parameter and is related to the ﬂuid trajectory.
Usually, the trajectory is obtained based on the mean
streamlines which describe the pathes taken by the jet
ﬂuid.[12] As typically shown in Fig. 3(a) for the mean
streamlines, the trajectories are computed using the
time-averaged velocity ﬁeld in the y/D = 0 plane[5,12].
Fig. 5(b) shows the proﬁles of penetration for J = 1.2
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and 2.2. It is reasonably identiﬁed that the penetra-
tion for J = 2.2 is larger than that for J = 1.2.
Moreover, an empirical power law curve ﬁt is given as
y/(DJ) = 1.20[(x + 0.5)/(DJ)]0.344 based on exper-
imental data[5] and is reasonably consistent with the
present results.
Fig. 6. Transverse distributions of (a) the turbulent kinetic
energy at x/D = 2 and x/D = 5 and (b) the Reynolds
normal stress at x/D = 2 for J = 2.2 in y/D = 0 plane.
Spanwise distributions of the turbulent kinetic energy in the
(c) x/D = 2 plane and (d) x/D = 5 plane.
We then analyze turbulent characters in terms of
the turbulent kinetic energy (TKE) and the Reynolds
stresses. Figure 6(a) shows the transverse distributions
of the speciﬁc TKE (i.e. k = {u′′i u′′i }/2) in the y/D = 0
plane. It is observed that two peaks occur at x/D = 2
due to the high velocity gradients near the wall and
the subsonic region behind the Mach disk as shown in
Fig. 4(b). With the ﬂow evolution in the downstream,
such as at x/D = 5, the TKE becomes weaker. Fur-
ther, the distributions of the Reynolds normal stresses
in the y/D = 0 plane are typically shown in Fig. 6(b)
for J = 2.2. It is identiﬁed that the vertical component
({w′′w′′}) dominates the turbulent intensity due to the
strong upwash velocity in the y/D = 0 plane. Larger
streamwise ({u′′u′′}) and spanwise ({v′′v′′}) compo-
nents are also detected in the boundary layer separa-
tion region. Moreover, after careful examinations of the
Reynolds normal stresses in the horseshoe vortex re-
gion, the streamwise component is the dominant part
as expected.
The spanwise distributions of the TKE in the down-
stream of the jet are shown in Fig. 6(c) and (d) in the
x/D = 2 and 5 plane. Due to the statistically symmet-
ric character of the ﬂow ﬁeld, the proﬁles for y > 0 are
exhibited. As shown in Fig. 6(c), the TKE is lower in
the boundary layer vortex pair region and decays grad-
ually to zero. These peaks are mainly associated with
the mean spanwise velocity gradient. From the spanwise
distributions in the x/D = 5 plane, the CVPs shown in
Fig. 4(c) and (d) dominate the turbulent behaviors, and
the turbulent ﬂuctuations become relatively weak dur-
ing the ﬂow evolving downstream.
We ﬁnally deal with the unsteadiness of ﬂow evo-
lution. The relevant frequency characters are of help
in understanding the combustion instabilities in the
combustor.[11] After careful examination on the evo-
lution of ﬂow ﬁeld, the deformed motion of the bar-
rel shock for J = 1.2 is somewhat obvious compared
with that for J = 2.2, and the evolution of a large-scale
jet shear layer vortices exhibits diﬀerent characters as
shown in Fig. 2. Relatively small-scale vortex struc-
tures in the windward side of the jet show obviously
unsteady motion inside the recirculation region which
forms a horseshoe vortex.
The spectral analysis is used to determine the domi-
nant frequencies of unsteady phenomena.[9,11] As shown
in Fig. 2, four typical probes located in the regions of the
barrel shock and the horseshoe vortex are selected. Fig-
ure 7(a) shows the power spectral density (PSD) of the
time-dependent vertical velocity at P1. A dominant fre-
quency of St = 0.30 (33.6 kHz) is clearly observed cor-
responding to the deformed motion of the barrel shock
for J = 1.2. The same frequency is also obtained using
the spectral analysis for the probes located at the bow
shock and the jet shear layer. As shown in Fig. 7(b),
the PSD obtained in the horseshoe vortex region at P2
shows a dominant frequency of St = 0.13 (14.6 kHz)
and its harmonic frequency of St/2 = 0.065, which are
associated with the horseshoe vortex evolution. Fur-
ther, Fig. 7(c) shows the PSD at P3 for J = 2.2 which
exhibits a dominant frequency of St = 0.24 (26.9 kHz).
This frequency is also identiﬁed for the bow shock and
the jet shear layer exhibited in Fig. 2(b). In the horse-
shoe vortex region, the dominant frequency at P4 is de-
termined as St = 0.11 (12.3 kHz) as shown in Fig. 7(d).
Based on the above analysis, we can learn that the un-
steady motions of the bow shock, the barrel shock and
the jet shear layer hold a similar dominant frequency
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Fig. 7. Power spectra of the time-dependent vertical velocity
at four probes shown in Fig. 2: (a) P1 for J = 1.2, (b) P2
for J = 1.2, (c) P3 for J = 2.2 and (d) P4 for J = 2.2.
and the horseshoe vortex evolution demonstrates a rel-
atively low dominant frequency.
In summary, numerical investigation of a sonic jet
injected into a supersonic crossﬂow was carried out
by means of large-eddy simulation for two typical jet-
to-crossﬂow momentum ratios. Various fundamental
mechanisms dictating the intricate ﬂow phenomena, in-
cluding ﬂow structures, turbulent characters and fre-
quency behaviors, were examined and are summarized
brieﬂy below. We found that the strength of the bow
shock increases and the sizes of the barrel shock and
Mach disk also increase with increasing the momentum
ratio. It was identiﬁed that a horseshoe vortex wrapped
around the windward side of the jet near the wall and
a smaller secondary vortex was also detected between
the horseshoe vortex and the jet. In the downstream of
the jet, counter-rotating vortex pairs formed and dom-
inated the turbulent characters. Relatively high tur-
bulent kinetic energy occurred near the wall and the
subsonic region behind the Mach disk. The jet pene-
tration increased with the increase of the momentum
ratio, leading to enhancing the mixing process. More-
over, larger jet shear layer vortices were observed for
higher momentum ratio, which may strengthen the mix-
ing process. Further, based on the spectral analysis, we
have found that the unsteady motions of the bow shock,
the barrel shock and the jet shear layer hold the similar
dominant frequency and the horseshoe vortex evolution
demonstrated a relatively low frequency.
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